Energy-time and momentum-position phase spaces defined by the electron orbits in the hydrogen-like atom exhibit special properties of equivalence. It is demonstrated that equivalence of the same kind can be obtained for the phase-space areas defined by the orbit pairs of planets, or satellites, which compose the solar system. In the choice of the examined areas it is useful to be guided by the Bohr-Sommerfeld atomic theory.
Introduction
   In physics, but not only in this domain, we look very often for parameters which allow us to identify the examined objects. For example a typical parameter of this kind is the mass which helps us to identify a given particle, or a system of particles collected together, say, in an atom. Also large systems of particles, especially those composed of mainly the same atoms or molecules, have some properties which are characteristic for the whole ensemble. A typical parameter is here a definite temperature associated-at special conditions-with the change of the system phase, for example the change is from a vapour to a liquid. Sometimes a combination of several parameters is required to be characteristic for a system.
In mechanics of a circular motion of a body along a specific closed orbit there are important phase integrals (1) met in the Sommerfeld quantum conditions; see e.g. [1] . Here p is the body momentum and q is the body position on the orbit. The integral (1) is the phase-space area of the variables circumvented by the body in course of its motion along the orbit. The body energy E-which is conserved on the orbit-can be represented as a function of S and the frequency .
In some special cases, however, for example for a linear oscillator, there is a linear dependence between E  of the body motion, equal to the reciprocal value of the circulation period T, becomes and S, so E S  is a constant independent of E or the am- plitude of oscillation. In this case we have = .
E S (3)
 A characteristic property of (3) is that the ratio
 called the adiabatic invariant, remains unchanged for slow changes of the oscillator Hamiltonian [2] . But in case of the body orbital motion in the solar system the simplifications of (3) and (4) do not hold. For from the reversed Formula (2) we obtain (see e.g. [3] ):
  
where G is the gravitational constant, a-the major semiaxis of the Kepler orbit and S M is the central mass which for the planetary orbital motion is the mass of the Sun. Since M ? In effect, such a combination may become approximately constant for the whole of the planetary system.
We find an affirmative answer to that question, also for the satellitary systems, and details of the corresponding formulae are given below. It should be noted, however, that a search for the required formalism is much facilitated when similarities which exist in description of the Kepler's planetary problem and the electron motion in the framework of the Bohr-Sommerfeld atomic theory are taken into account.
Parameters Useful in Calculating the Phase-Space Areas of the Planetary Motion
Similarities between the planetary motion performed in the gravitational field of the Sun and the electron motion in the electrostatic field of the atomic nucleus are well known. However, any quantitative reference between parameters characteristic for both kinds of the examined motions is rather difficult to assess. This difficulty seems, in general, to be quite obvious if we note a macroscopic nature of the planetary objects and microscopic properties of an atom. Nevertheless, a geometric and mechanical similarity in the behaviour of the solar system to that of an atomic system considered in the framework of the old quantum theory is evident. This similarity may suggest a quantitative search for comparison between the macroworld of planets and the microworld connected with the electron motion in an atom. A search of this kind can materialize in definite calculations when the properties of the phase space associated with an electron circulating in the atom are compared with the phase space of the planetary, or satellitary, motion in the solar system. In practice, the position-momentum and energy-time phase spaces can be defined both for the orbiting planets and the circulating electron. Here, for the sake of simplicity, the elliptical character of orbits can be approximately neglected equally in the macroscopic and the microscopic case. Let us begin with the action function S n for a planet on the orbit n which satisfies the relation
whereas a similar action function for an electron moving on a circular trajectory corresponding to the atomic state is = 2π = 2 . 
T
Here Ze is the nucleus charge, the electron charge, the electron mass, and h is the Planck constant.
Change of the Phase-Space Area Due to the Orbit Change
When the orbit n is changed to another orbit, say  , the parts of the difference in the action function equal to
can be examined both in the planetary and the electron case. These parts can be classified as diagonal (d) changes represented by the formulae
concerning respectively the momentum-position and energy-time phase-space areas entering S n and n in (16). Similar non-diagonal changes entering
In the next step, it can be noted that relations concerning components of n n  for planets defined in (24)-(27) can be calculated also for the changes n n   for electrons, on condition P n , R n , E n and T n entering the mentioned formulae are replaced by , , and . The electron parameters give [6] : 
is practically a constant number independent of the orbit index . In a further step
so the ratio of (31) and (32) is approximately also a constant:
nd e e n n nd e e n n S p r
which holds especially on condition when . A check of the properties of (30) and (33) for the solar system has been done on the numerical way; see [6] . An almost constant behaviour of (30) is widely confirmed, although this ratio becomes close rather to unity, especially for planets, than to 1/3 obtained in (30). On the other hand, the ratio (33) fluctuates more than (30) for different planetary, or satellitary, pairs chosen to occupy n and  . This behaviour can be attributed to unequal second terms entering the square brackets in (31) and (32). In the most part of the examined planetary cases the ratio between (31) and (32) is about 2 instead of the result approximately equal to 1 obtained in (33).
Phase-Space Areas Made Free from the Orbit Index and Their Comparison
A more convenient way of comparison between the phase-space areas for an electron moving in the atom and similar areas obtained for circulating planets is when these areas are made, at least approximately, free from the orbital index. This situation, in fact, can be obtained beginning with the areas for the moving electron. For example, such an area in the momentum-position space about state can be defined as n 
in the momentum space. A similar area can be defined when the roles of e and e are reversed. In this case we obtain the phase-space area equal to
Here the thickness of the belt is 
The results obtained in (34) and (37) are: 1) close to ; 2) they differ only by a factor of 2.
A similar evaluation can be done for the phase space areas composed of the electron energies and the time periods of the rotational motion about the nucleus; see (21) and (22). We obtain for one electron state the areas
because for a large n we find: 
The areas calculated in (40) and (41) are: 1) close to ; 2) differ only by a factor of 3 2 n . Evidently, the area (40) is a kind of the belt having its length extended in the energy space and the belt thickness is in the period-oftime space, whereas (41) represents the belt of reversed shape properties.
Because of a similar character of the electron motion in the Bohr-Sommerfeld atom and the planetary motion in the solar system, we expect similar phase-space properties for both kinds of the motion. An essential difference is here that the electron has the same mass on any orbit , but this does not apply to the planetary orbits. Therefore a more realistic comparison should concern the case when momenta expressions entering the examined areas are replaced by velocities, and-consequently-the energies of the moving bodies are divided by the orbiting mass. For electrons we obtain on any orbit n 
for the velocity, and
for the reduced energy. Because of the virial theorem, the expression (47) is equal to a half of the absolute average value of the potential acting on a moving electron. In effect of the substitutions (46) and (47) we obtain the following belt areas for the electron case:
Section 5 examines similar expressions calculated for the planetary and satellitary orbits.
Belt Areas in the Phase-Space Calculated for Planets and Satellites
In the first step let us examine the equivalence of the belt areas in the position-momentum space and areas in the energy-time period space without the mass reduction for the body momentum and energy performed below [see (56) and (57)]. In this case we have Tables 1 and 2 together with the ratios
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similar to (25a), and 
,
The input data in Tables 1 and 2 are taken from [5, 6] and Table 3 . For the same planetary and satellitary pairs another ratio equal to Table 3 . Table 3 . Corrected data for one of the satellites of Saturn and two satelites of Uranus; see [5] and [6] . The period T n is given in sidereal days (1 sidereal day = 86400 s); R n is the mean distance of the satellite from planet center (in 10 3 m); M sn is the satellite mass (in kg); E n is the satellite energy (in J); P n is the satellite momentum (in kg·ms -1 ). 
Planets Pair
is calculated in Table 4 .
In the next step, we examine the relations between the phase-space areas when the mass reduction of the body momentum and energy mentioned at the end of Section 4 is done.
The planetary mass 
is the velocity of a circulating celestial body and
is the absolute value of the average potential of that body. This is so because 1 2 pot n V n in (57) multiplied by M and differentiated with respect to the distance n equals to a half of the gravitational force acting between the motion center and the orbiting body.
R P A substitution of (56) and (57) 
Expressions
are the velocities of the bodies on the orbits n and  , whereas
represent the average body potentials on these orbits. The ratios obtained for the hydrogen-like atom on the basis of (19a), (22a), (25a) and (26a) are:
= 2 3; = 1; = 1 3; = 1 2; = 3 2.
A B A C A D B C B D C D (64)
These ratios can be compared with similar ratios obtained for planets and satellites. We find (see Tables This agreement is evident especially in the case of planets; see Table 7 .
In the case of satellites the strongest deviations of the observed data from the ratios (64) are obtained for the pairs of Deimos-Phobos and Iapetus-Titan (see Table 8 ).
Another ratio, similar to that calculated in (53) for the areas (48)-(51), can be calculated for the areas (58)-(61). This is
Its values for different planetary and satellitary pairs 
Discussion
The aim of the present paper was to detect, and check, some regularities which can be obtained for the fragments of the phase-space areas defined by parameters characteristic for the motion of celestial bodies in the solar system. In this search we were guided by similar phase-space properties deriv d for the electron motion in e the Bohr-Sommerfeld atom. The calculations applied the data calculated from [5] and those listed in Tables 1 and  2 in [6] . However, several printing errors were discovered in Table 2 of the last reference for the data of Iapetus, the satellite of Saturn, and Titania and Oberon, the satellites of Uranus. The corrected data are given in Ta case. The only strong deviations from unity are exhibited for the satellite pairs of Thetys-Enceladus, Dione-Thetys and Ariel-Miranda. Some properties concerning the belt areas in the phasespace and their ratios can be deduced in an analytic way. For example, an approximate equivalence between which is the result obtained also for A C in the atom on the basis of (19a) and (25a). In calculations we took into account the fact that the average p   because of a quasi-circular character of the orbit possessed by a moving body.
Other ratios than 2/3 given in (76) can be deduced between the areas (58), (59) and (60), (61). These ratios are identical to the ratios between the belt areas (34), (37), (40) and (41) [or (19a) , (22a), (25a) and (26a)] obtained for the Bohr-Sommerfeld hydrogen atom; see (64). In Tables 7 and 8 we calculate these ratios for the planetary and satellitary systems.
A characteristic point is that the ratios calculated in Tables 7 and 8 are only feebly dependent on the choice of the planetary or satellitary pair. In this sense these ratios have an almost constant character similar to that postulated at the end of Section 1.
In particular, the average deviations of the ratios in Tables 7 and 8 
The first numbers calculated in (77)-(80) concern the data taken from Table 7 , the second numbers concern the data taken from Table 8. 
